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Abstract 

Time does not obviously appear amongst the coordinates on the constrained 
phase space of general relativity in the Hamiltonian formulation. Recent work 
in finite-dimensional models claims that topological obstructions generically make 
the global definition of time impossible. It is shown here that a time coordinate can 
be globally defined on a constrained phase space by patching together local time 
coordinates, just as coordinates are defined on topologically non-trivial manifolds. 
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In the Hamiltonian formulation of general relativity, instead of dynamical equations, 
one finds four initial value constraints, the super-Hamiltonian and super-momentum 
constraints. The coordinates on the phase space consist of the 3-metric and the extrinsic 
curvature of a spacelike hypersurface, and the constraints restrict evolution to a subset 
of phase space. The obvious question is: where is time? Is there a coordinate on 
the constrained phase space which can be identified as time? Recent work claims that 
there are topological obstructions which make such an identification impossible[0, 0. 
We shall argue here that a global definition of time can be found by using canonical 
transformations to define local time coordinates and then to patch them together to 
cover the constrained phase space, much as coordinates are defined on topologically 
non-trivial manifolds. 

Few would doubt the existence of time, but as a question about the constrained 
phase space of general relativity, the answer is less self-evident. The problem is not 
academic. While the global definition of time on the constrained phase space is a purely 
classical question, the whole program of canonical quantization depends on its successful 
resolution. If time could not be defined globally, how could one speak about evolution, 
let alone define a Hilbert space with a conserved inner product? 

One might have hoped that a Schrodinger-type super-Hamiltonian 



would have followed from the Hamiltonian formulation of general relativity. Time then 
would have been easily identified as the variable conjugate to pt, and quantization would 
be straightforward. This not being the case, the natural question is: is there a canoni- 



H = pt + H{pk,qk,t) = 0. 
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cal transformation from the Wheeler-DeWitt super-Hamiltonian to a Schrodinger-type 
super-Hamiltonian such that the two are fully equivalent? This is the global problem of 
time, as formulated by Kucharf^. 

The infinite-dimensional nature of general relativity makes it as yet too difficult 
to handle directly, but considerable insight can be obtained from finite-dimensional 
models. There, the answer to Kuchaf's question is simply: no, in general there is no 
canonical transformation from an arbitrary super-Hamiltonian to one of Schrodinger- 
type such that the resulting system is fully equivalent to the original one. This result 
is not however surprising and, in fact, to insist by it that the global problem of time 
is insoluble misses the spirit of the question. Arguably the distinguishing characteristic 
of time is that it is a coordinate whose each and every value occurs exactly once along 
each of all possible classical trajectories. This property is familiar in Schrodinger-type 
systems. The global problem of time may be restated: is there a coordinate on the 
constrained phase space of the Wheeler-DeWitt equation which, because it increases 
monotonically along every classical trajectory, can serve as time? 

In the finite-dimensional case, the answer is now yes, but the time coordinate must be 
defined locally and then patched together to cover the full constrained phase space. The 
situation is completely analogous to defining coordinates on a manifold. One asks if there 
is a map between the manifold and Euclidean space. Generically there is no map such 
that Euclidean space is fully equivalent (isomorphic) to the original manifold-consider, 
for example, compact manifolds. Nevertheless, one can define coordinates globally by 
finding maps locally between the manifold and Euclidean space and patching these 
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maps together by giving transformations between them in regions where they overlap. 
The global problem of time concerns defining a coordinate on the constrained phase 
space of the super-Hamiltonian which can be identified as time. It should come as no 
surprise that the non-trivial topology of this constraint surface may require that the 
time coordinate be defined on patches. 

Hajfcek[Q has extensively studied the global problem of time in the finite-dimensional 
context. He formulates the problem in terms of the existence of a hypersurface such that 
every classical trajectory intersects it exactly once. This corresponds to identifying a 
common unique instant of time amongst all classical trajectories. If no such hypersurface 
can be found, Hajfcek argues that time cannot be globally defined. 

For most super-Hamiltonian constraints on a finite-dimensional phase space, Hajfcek 
finds that there are topological obstructions to the existence of such a hypersurface and 
thus to a globally defined time. These obstructions take three forms. First, the super- 
Hamiltonian may have fixed points. These are classical trajectories which consist of a 
single point in phase space. As such, successive instants of time are indistinguishable 
and all lie on the same hypersurface. Second, the super-Hamiltonian may have (almost) 
periodic trajectories. In this case, trajectories repeatedly intersect a candidate hyper- 
surface. Finally, there may be non-Hausdorff pairs of trajectories. These are trajectories 
who always share a common neighboring trajectory, but are not themselves neighbors, 
so that if a hypersurface were to intersect them both once, it would have to intersect a 
neighboring trajectory more than once. Typically this happens at unstable fixed points. 

A Schrodinger-type super-Hamiltonian has none of these obstructions. It is immedi- 
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ate then that if a given super-Hamiltonian has any of them, it cannot be fully equivalent 
to a Schrodinger-type Hamiltonian. But, to repeat, this does not mean that time cannot 
be globally defined. Furthermore, these obstructions are not pathological. Flat space 
itself is a fixed point of the Wheeler-DeWitt equation, the super-Hamiltonian of general 
relativity. 

In order to understand how time is globally defined in the presence of topological 
obstructions, it is instructive to consider a super-Hamiltonian constraint proposed by 
Hajicek 

-H^li-vl + ql-rpl-qD^Q. (2) 

This super-Hamiltonian has an unstable fixed point at po = = go = Pi = and 
several pairs of non-Hausdorff orbits, for example, the pair of trajectories (A is the affine 
parameter labelling evolution in the constrained phase space) 

Pi = = gi, Po = e^, go = -e^ (3) 
Pi = = gi, Po = e"^, go = e"^. 

Since the super-Hamiltonian is separable, it can clearly be reduced to action-angle 
variables by canonical transformation. Choosing to do so only with the (po, %) variables, 
the canonical transformation 

Po = |(-Po + %')> (4) 
% = -ln(/)o + go), 
reduces the super-Hamiltonian to Schrodinger form 

ns = vo + Wl-'i) = ^- (5) 
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The Schrodinger super-Hamiltonian has no fixed points and no non-Hausdorff pairs 
of trajectories, so it is not fully equivalent to the original super-Hamiltonian. The diffi- 
culties of the original super-Hamiltonian have been transformed away by the canonical 
transformation: the fixed point has been sent to infinity, along with one half of the pair 
of non-Hausdorff trajectories. All of the remaining trajectories share a common time as 

is correlated linearly with the affine parameter A. Moreover, all super-Hamiltonians 
which can be reached by canonical transformations which preserve the linear form of Pq 
share this property, and none have fixed points or non-Hausdorff pairs of orbits. 

A second canonical transformation can be made which reaches the trajectory missed 
by the first one. This is the transformation 

Po = U-pI + Qo), (6) 
go = ln(-po + go), 

which again reduces the super-Hamiltonian to Schrodinger form 

This sends the other half of the non-Hausdorff pair to infinity while bringing back the 
first. 

The essential feature now is that these two canonical transformations overlap for most 
trajectories, and they give a canonical transformation between the two time coordinates 

q'o = qo + ln2%. (8) 

Thus, time is defined globally by patching together these two locally defined coordinates 
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with this transition function. Since the fixed point does not change with time, both 
coordinates are vahd to describe its evolution. 

Having seen how fixed points and non-Hausdorff pairs of trajectories are affected 
by canonical transformation, there remains only the obstruction of (almost) periodic 
trajectories. Changing the sign of Qq and in the super-Hamiltonian (H) introduces 
periodic trajectories. The canonical transformations @ and @ with go replaced by 
iqo again give the reduction to the Schrodinger form. It is clear what has happened. 
The periodic trajectories are "unwound" by the canonical transformation because of the 
many-sheeted nature of the logarithm. Effectively, a transformation has been made to 
a covering space of the original space. Time is again defined globally by the two local 
coordinates and q'^. 

In this simple example, we have seen how the topological obstructions of Hajicek 
are handled by canonical transformations. These obstructions deny the full equiva- 
lence of a generic super-Hamiltonian and one of Schrodinger-type, but this does not 
mean that time cannot be globally defined on the constrained phase space of the super- 
Hamiltonian. Rather we find that time may be defined locally by canonical transfor- 
mation to a Schrodinger-type super-Hamiltonian and the different local times patched 
together by canonical transformations in regions where they overlap, much as coordi- 
nates are defined on a topologically non-trivial manifold. The nature of the obstructions 
in a finite-dimensional phase space are such that this can always be done. Every indi- 
cation is that this extends to the infinite-dimensional case, resolving the global problem 
of time. 
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